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Abstract: I look at the renormalization of the medium structure function and a medium in-
duced jet function in a factorized cross section for jet substructure observables in Heavy Ion
collisions. This is based on the formalism developed in [1], which uses an Open quantum sys-
tem approach combined with the Effective Field Theory(EFT) for forward scattering to derive a
factorization formula for jet observables which work as hard probes of a long lived dilute Quark
Gluon Plasma(QGP) medium. I show that the universal medium structure function that captures
the observable independent physics of the QGP has both UV and rapidity anomalous dimensions
that appear due to medium induced Bremsstrahlung. The resulting Renormalization Group(RG)
equations correspond to the BFKL equation and the running of the QCD coupling respectively.
I present the first results for the numerical impact of resummation using these RG equations on
the mean free path of the jet in the medium. I also briefly discuss the prospects of extending this
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1 Introduction
It is now widely accepted that heavy ion collisions are the laboratory for the creation and study
of the Quark Gluon Plasma medium. The high energy collision of nuclei both at RHIC and the
LHC creates sufficiently energetic partons that can escape confinement from color neutral hadrons
and give rise to a strongly/weakly coupled soup of deconfined quarks and gluons known as the
Quark Gluon Plasma medium. Experimental evidence suggests that this medium which exists for
a very short time (∼ 10 fm/c) behaves as a near perfect liquid in thermal equilibrium with very
low viscosity. At the microscopic level, we can think of this plasma as consisting of soft partons
with typical energy of the order of the temperature(T) of the medium which is usually much lower
than the center of mass energy of the initiating nuclear collision. These stopping nuclear collisions
which create the QGP are accompanied by hard interactions which create highly energetic partons
(E  T) which eventually form jets. These jets then have to traverse through a region of the hot
QGP as they evolve and hence they get modified in heavy ion collision, compared with proton-
proton collisions, due to the jet-medium interaction. The modification of a jets in a medium
compared to its vacuum evolution can shed light on the properties of the medium, making them
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useful hard probes of the Quark Gluon Plasma. A phenomenon that has been extensively studied
in literature[2–21] is that of Jet quenching, which entails a suppression of particles with high
transverse momenta in the medium. This has also been recently observed in experiments at both
Relativistic Heavy Ion Collider (RHIC) [22–25] and Large Hadron Collider (LHC) [26–28]. The
suppression mechanism happens through the mechanism of energy loss when jets travel through
the hot medium. This can happen either through a collision of the energetic partons in the jet with
the soft partons of the medium or through medium-induced radiation, but the latter dominates
at high energy. The key to understand jet quenching and jet substructure modifications in heavy
ion collisions is to understand how the jet interacts with the expanding medium. There has been
tremendous theoretical effort to study the jet energy loss mechanism (see Refs. [29–32] for recent
reviews). All these attempts rely on a direct Feynman diagram calculation which is only valid
in a perturbative regime and the information about the medium is encoded in the form of a
transport co-efficient q̂ which measures the average transverse momentum gained by a parton per
unit time. Given that the evolution of the jet in the medium is a multi-scale problem with a
hierarchy of scales, a systematic Effective Field Theory(EFT) treatment is lacking. At the same
time, a complete analytical calculation which includes the hard interaction which creates the jet
along with the subsequent medium interactions is also necessary for comparison with data. In
[1], I proposed an EFT approach using tools of Open Quantum systems and SCET(Soft Collinear
Effective Theory)([50–55]) for jet substructure observables in heavy ion collisions. There are
several advantages of adopting an EFT approach
• It provides an explicit separation of physics at widely separated scales in the form of a
factorization formula for the the jet observables. In the context of Heavy Ion collisions, it
was shown in [1] that this completely isolates the universal physics of the medium from the
kinematic and observable dependent physics of jet evolution.
• It gives a gauge invariant operator definition for the factorized functions. In particular, the
physics of the medium was shown to be captured by a correlator of Soft current computed
in the background of the medium density matrix. This definition was independent of the
details of the medium density matrix, with the assumption of homogeneity of the medium
over certain scales.
• The factorization does not rely on perturbation theory but only on a separation of scales.
So the factorization holds even when some of the functions become non-perturbative. Thus,
it gives a clear boundary between the perturbatively calculable and non-calculable physics.
This is in exact analogy with factorization formulas for ep and pp experiments such as Deep
Inelastic scattering(DIS) and Drell-Yan where the universal physics of the proton is defined
by a Parton Distribution Function(PDF). This has a precise operator definition and is non-
perturbative while being factorized from process dependent perturbative physics. This has
the advantage that if some of the factorized functions become non-perturbative, there is a
possibility of computing them from lattice/quantum computers.
• Lastly, the separation of scales allows us to resum large logarithms in the ratio of these scales
via Renormalization group equation for the factorized functions. This is systematically
improvable and has already led to precise predictions in pp and ep experiments.
– 2 –
The evolution of the jet in the medium usually depends on multiple scales which can be
broadly divided into three categories: Kinematic scales such as such as the jet energy, thermal
scales of the QGP , namely the temperature T and the Debye screening mass mD ∼ gT and the
size or equivalently the temporal extent of the medium. The second class of scales that appear
due to dynamical evolution of the system are the mean free path of the jet and the formation time
of the jet, which is the time scale over which the hard partons created in the jet go on-shell. The
third and final category are the measurement scales imposed on the final state jet. The hierarchy
between these scales can vary widely depending on the details of the experiment. However, in
general the jet energy scale(Q) will be a hard scale much larger than all the other scales. For
sufficiently high temperature(T  ΛQCD), we can assume g  1 and so that mD << T which
is what we will assume for the rest of this paper. In current heavy ion collision experiments, the
temperature achieved lies in the range 150−500 MeV, and may not always be a perturbative scale.
Thus, a fully weak coupling calculation may not be valid. In this paper, I will stick to the case of
a weakly coupled QGP for simplicity. While this will enable me to do a perturbative calculation,
it is not a requirement for deriving a factorization of the physics at widely separated scales. For
T ∼ ΛQCD, some of the functions in the factorization formula become non-perturbative and would
then need to be extracted from lattice/experiment.
At the same time, as a first simple case we will assume the size of the medium(L) and
the mean free path(λmfp) to be much larger than all other time scales in the problem. This
may not always be a realistic assumption, in particular the formation time of the jet(tF ) would
be expected to be much larger than L in current experiments especially for high energy jets.
At the same time, a dense medium will lead to a small value for λmfp in which case the well
known LPM(Landau-Pomeranchuk-Migdal) effect ([39–43]) will become important. However, the
assumption tF  L ∼ λmfp greatly simplifies the analysis of the system and gives us a taste of how
factorization works out. The more involved but phenomenologically relevant case tF ≥ λmfp  L
will be considered in a companion paper [46]. I will also argue why the more complicated cases will
continue to have the same form for factorization, albeit with some modifications in the definitions
of the functions so that most of the framework developed for the simpler case can be carried over.
The existence of so many scales makes this a particularly rich system to analyze. Due to the
multiple scales involved in the problem, a powerful tool to deal with large hierarchies of scales is
Effective Field Theory (EFT). The EFT that is extensively used for jet studies at high energy
pp colliders is Soft-Collinear Effective Theory (SCET) which provides a systematic approach
towards dealing with a multi-scale scattering problem. However, in heavy ion collisions, there is
the added complication of the presence of the medium whose detailed time evolution cannot be
easily described analytically. A way to deal with our ignorance about the microscopic details of
the medium is to use an Open quantum systems approach (see [44, 45] for review) which works
by tracing over the medium degrees of freedom and working out the effective evolution of the
reduced density matrix of the system(jet).
There are also formulations of SCET (known as SCETG) treating the Glauber gluon, which
is a type of mode appearing in forward scattering, as a background field induced by the medium
interacting with an energetic jet. By making use of the collinear sector of the corresponding EFT,
this formalism has been used to address the question of jet quenching in the medium [33–37].
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I will use a modern approach using a new EFT for forward scattering that has been developed
recently [38] which also uses the Glauber mode to write down contact operators between the soft
and collinear momentum degrees of freedom which is ideally suited for the situation we want to
study. As was shown in [1], this approach gives a manifestly gauge invariant definition for the
factorized functions. A consequence of this, which I will show in this paper is that it captures
important radiative corrections which are otherwise absent in previous EFT formulations.
The long term goal is to develop a theoretically robust formalism for calculating jet sub-
structure observables for both light parton and heavy quark jets. For example, the bottom quark
jets have been identified as an effective probe of the QGP medium and will be experimentally
studied at LHC, as well as by the sPHENIX collaboration at RHIC. There has been recent work
on computing jet substructure observables for heavy quark jets in the context of proton-proton
collisions [47, 48]. The objective would then be to compute the same observables in heavy ion
collisions and study modifications caused by the medium.
A first step was taken in [49] which looked at the transverse momentum spread of a single
energetic quark as a function of the time of propagation through the QGP medium. The multiple
interactions of the quark with the medium were resummed by solving a Lindblad master equation
for the quark jet. However for a realistic description of the system, we also need to account for
the initial hard interaction that creates the energetic quark which is dressed with radiation from
the subsequent parton shower which accounts for any vacuum evolution of the jet along with any
medium interactions.
Combining SCET with Open quantum systems, a factorization formula for a illustrative jet
substructure observable taking into account the hard interaction and subsequent parton shower
was derived in [1] for an idealized case of a long lived dilute medium. This paper introduced
a universal medium structure function for the Quark Gluon Plasma in analogy with a PDF for
hadron structure along with a medium induced jet function. Radiative corrections corresponding
to elastic collisions of the jet with the medium were calculated in this paper and shown to be UV
finite.
In this paper, I will present the results for radiative corrections from medium induced ra-
diation. I will show that these corrections induce rapidity and UV divergences in the medium
structure and jet functions which help determine the Renormalization Group(RG) evolution of
these functions. The solution for these RG equations helps resum logarithms of widely separated
scales which form the dominant corrections compared to those from elastic collisions. I will discuss
the numerical impact of resummation on the mean free path of the jet in the medium.
This paper is organized as follows. In Section 2 I review the details of the observable and
factorization formula derived in [1] and present the corrections from elastic collisions of the jet
partons with the medium. In Section 3 I detail the one loop corrections from medium induced
Brehmstrahlung for the medium structure function and the medium jet function which also gives
their Renormalization Group(RG) equations. Section 4 gives analytical results for the solution of
RG evolution equations. Section 5 provides the solution of the Lindblad type evolution equation
which resums multiple incoherent interactions of the jet with the medium with a RG evolved
medium kernel. Section 6 discusses the numerical impact of RG evolution on the mean free path
of the jet in the QGP medium. A summary and analysis of results along with future directions
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in provided in Section 7.
2 Factorization for Jet substructure observables
In [1], I developed an EFT formalism for jet substructure observables in a heavy ion collision
environment, writing down a factorization formula for an illustrative observable: The transverse
momentum imbalance between groomed dijets along with a cumulative jet mass measurement on
each jet. This observable was introduced to allow for a clean measurement while countering the
issue of jet selection bias. We want to consider final state fat (jet radius R ∼ 1) dijet events
produced in a heavy ion collision in the background of a QGP medium. The jets are isolated
using a suitable jet algorithm such as anti-kT with jet radius R ∼ 1. We examine the scenario
when the hard interaction creating the back to back jets happens at the periphery of the heavy
ion collision so that effectively only one jet passes through the medium while the other evolves
purely in vacuum.
Since, it is hard to give a reliable theory prediction for the distribution of soft hadrons from the
cooling QGP medium, we put a grooming on the jets. We put in a simple energy cut-off sufficiently
large to remove all partons at energy T and lower. Given a hard scale Q ∼ 2EJ , where EJ is the
energy of the jet and an energy cut-off, zcEJ , we work in the hierarchy
Q ∼ zcQ T (2.1)
where T is the plasma temperature. The measurement we wish to impose is the transverse mo-
mentum imbalance between the two jets and we want to to give predictions for the regime qT ∼ T .
We are going to assume a high temperature weak coupling g << 1 scenario so that the Debye
screening mass mD is parametrically much smaller than the temperature.
While this constrains the radiation that lies outside the groomed jet, we still need to ensure
that the radiation that passes grooming and hence forms the jet has a single hard subjet. This
can be ensured by putting a cumulative jet mass measurement ei on each groomed jet with the
scaling ei ∼ T 2/Q2.
We wish to write down a factorization theorem within Soft Collinear Effective Theory(SCET)
which separates out functions depending on their scaling in momentum space with λ = qT /Q ∼
T/Q ∼ √ei as the expansion parameter of our EFT. The dominant interaction of the jet with
the medium involves forward scattering of the jet in the medium and is mediated by the Glauber
mode. Using an open quantum systems approach combined with the EFT for forward scattering
developed in [38], a factorization formula for the reduced density matrix of the jet was derived in
[1]. This factorization was derived under the assumption of a long lived dilute medium meaning
• The length of the medium L which is equivalent to the time of propagation of the jet in the
medium and the mean free path of the jet are larger than than the formation time of the
jet.
• The medium is homogeneous over length scales probed by the jet.
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These assumptions implied that the dominant contribution to the cross section was when the
partons created in the jet went on-shell before interacting with the medium and successive in-
teractions of the jet with the medium were incoherent. Upto quadratic order in the Glauber
Hamiltonian expansion which is equivalent to a single interaction of the jet with the medium,
we can write a factorized formula for the trace over then reduced density matrix of the jet as a
function of the time of propagation in the medium(t) with the jet substructure measurementM
described above.
Tr[ρ(t)M] ≡ Σ(en, ~qT , t)
= V ×
[







V is the 4 d volume factor. Σ(0)(en, ~qT ) is the vacuum density matrix which captures the evolution
of the jet in a vacuum background, which is further factorized in terms of vacuum soft(S) and
jet(J ⊥i ) functions.
Σ(0)(qT , en, en̄) = H(Q,µ)S(~qT ;µ, ν)⊗qT J
⊥
n (en, Q, zc, ~qT ;µ, ν)⊗qT J
⊥
n̄ (en̄, Q, zc, ~qT ;µ, ν)
(2.2)
where ⊗qT indicates a convolution in ~qT . ~qT is the transverse momentum imbalance between the
two jets (n and n̄) with en and en̄ as the cumulative jet mass measurement respectively. H(Q) is






















where Si is a Soft Wilson line in the fundamental representation





dsn ·ABs (x+ sn)TB(r)
]
(2.3)
HS is the soft Hamiltonian which is equivalent to the full QCD Hamiltonian. The vacuum quark
jet function is defined as





















δ(Q− P−)δ2(P⊥)Θ(en − E∈n,gr)δ2(~qT − P⊥6∈n,gr)|Xn〉
with ∈ n, gr refers to collinear partons that pass grooming. n ≡ (1, 0, 0, 1) refers to the direction
of the jet. A similar definition holds for the n̄ ≡ (1, 0, 0,−1) jet. Hn is the collinear Hamiltonian
of SCET. The interaction with the medium introduces three new functions, namely the Glauber
hard co-efficient CG(µ), medium structure function SABG , and the medium jet function J ABn,Med.
This is under the assumption that only the n jet see the medium. The function CG(µ) is simply
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8παs(µ) with a natural scale µ ∼ Q. The medium jet function is the difference of a real and
virtual medium jet function written in impact parameter (~b) space which is conjugate to ~qT .
J ABn,Med = J ABn,R − J ABn,V (2.4)
J ABn,R (en,~b,~k⊥) =
1














× 〈0|χn(0)|pX̃ − k, X̄n〉〈X̃n|O
A
n (0)|pX̃ − k〉〈pX̃ − k|O
B
n (0)|X̃n〉MXn (2.5)
This describes the real interaction of the medium with a single parton of the jet at time. pX̃ − k
is the momenta of the single collinear intermediate parton state which interacts with the medium
X̃n, while |Xn〉 is a complete set of collinear final states. There is an implicit integral over the
phase space of all states. (Xn, X̃n). MXn is the transverse momentum and jet mass measurement
imposed on the final state Xn, X̃n〉
M = Θ(en − E∈gr)δ2(~qn − P⊥/∈gr − ~k⊥) (2.6)
J ABn,V (b) =
1











n (0)|Ỹn〉〈Ỹn|OBn (0)|pỸ + k〉
〈pỸ + k, X̄n|χn(0)
/̄n
2
|0〉〈0|χ̄n(0)δ2(P⊥)δ2(Q− P−)MV |pỸ + k, X̄n〉 (2.7)
This describes the virtual interaction of a jet parton(|Ỹn〉) with the medium, again considering
one parton at a time. The measurementMV in this case is identical to that in Eq.2.6 but acts on
the final states |Xn〉, Ỹn. J ⊥n (en, b) is the vacuum jet function in impact parameter space. Both
the vacuum and medium jet function are defined in terms of the dressed quark field χn.
χn = W
†











































d4xe−ik·x〈XS |OAS (x)ρOBS (0)|XS〉 (2.11)
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is the correlator of Soft operators in the QGP background density matrix ρ. The Soft operator


























defined in terms of the Soft Wilson line (Eq.2.3) The one loop results and the corresponding
renormalization group equations for the vacuum soft and jet functions were derived in [1]. For the
medium structure function and the medium induced jet function there are two types of radiative
corrections at one loop:
1. Elastic collisions of the jet partons with the medium which were also computed in [1].
These corrections are UV finite and but IR sensitive. Hence they do not contribute to the
renormalization of these functions.
2. Medium induced Brehmstrahlung which will be considered in detail in this paper in the next
section.
3 One loop results for medium induced functions
In this section we will look at the complete set of radiative corrections upto Next-to-Leading
Order for our medium soft and jet function. To compute the result for the Soft function, we need








The tree level result for the Soft function along with partial one loop results for the medium jet
function corresponding to elastic collisions with the medium were presented in [1]. Here we will
evaluate the one loop corrections for the medium Soft function as well as the remainder of the
one loop medium jet function which correspond to medium induced radiation.
3.1 Medium Jet function
The medium jet function is defined in Eq.2.4 as the difference between the virtual and real inter-
action with the medium. The tree level result is





The medium induced jet function encodes the modification of the jet due to the interaction with
the medium. The complete set of corrections for this function at one loop involves:
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• Elastic collisions of the jet partons with the medium.
• Medium induced radiation.

























































































































written in terms of
pgq(z) =








, A(z) = enz − (1− z)y, B(z) = zy − en(1− z)
and Vg is obtained by simply evaluating Rg at k⊥ = 0. The integrals over z can be done exactly
analytically but are not too illuminating and hence we refrain from presenting them here. k⊥ is
the transverse momentum exchanged with between the jet and the medium. The contributions
Q(b) and G(b) go to 0 as k⊥ goes to 0 so that it is a purely medium induced result. As we see
here, this result in UV finite but is sensitive to the IR scale mD in the form of single logarithms
lnQ2en/m2D ∼ lnT 2/m2D ∼ ln1/g2. For the case g << 1, ideally we would like to resum these
logarithms. In principle, this can be achieved by matching the jet function to an EFT at the
scale mD, which is something we leave for the future. As we will see, the dominant radiative
corrections actually come from medium induced radiation and we will focus on their resummation
and numerical analysis in this paper.
We will now compute in detail, the corrections for medium induced Bremsstrahlung. We can
separately consider the corrections for J ABn,R and J ABn,V and evaluate the result first in transverse
momentum ~qTn space before moving to the impact parameter (~b) space. We will begin with J ABn,R
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3.1.1 J ABn,R
There are both real and virtual diagrams. The complete set of real diagrams is given in Fig. 1
and correspond to a Glauber exchange on each side of the cut. The real diagrams are all UV finite
due to the imposed measurement on the jet and hence we can work in 4 dimensions.
• Diagram (a) involves a the contribution from the Wilson line and an insertion from the














q−[(p+ + q+)Q− ~k2⊥]
M
where the measurement function is
M =
[
Θ(Q− q− −Qzc)Θ(q− −Qzc)Θ(en −
4
Q2
(p+ q)2)δ2(~qTn − ~k⊥)
+ Θ(Qzc − q−)δ2(~qTn − ~k⊥ − ~q⊥) + Θ(Qzc − (Q− q−))δ2(~qTn + ~q⊥ − ~k⊥)
]
p is the final state quark momentum while q is the gluon momentum. We then have three
contributions from the measurement functions. Among these, only the second one where q
fails the grooming condition leads to a divergence while the other contributions are all finite.
The divergence in the second term is a rapidity divergence as q− → 0 which is regulated by
our rapidity regulator ν and will give the dominant contribution. We will concentrate on
extracting this contribution to the anomalous dimension of the medium jet function.




















[(~q⊥ − ~k⊥)2 +m2D]
δ2(~qTn − ~q⊥) (3.6)














which once again has a rapidity divergence which gives the same contribution as that from









[(~q⊥ − ~k⊥)2 +m2D]
δ2(~qTn − ~q⊥) (3.8)
• Diagrams in Fig. 1 (c) and (d) evaluate to 0.
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Figure 1: Real gluon emission corrections for J ABn,R . k is the momentum transferred to the jet
from the medium. The ⊗ vertex refers to the hard vertex which creates a high energy quark that
goes on-shell before interacting with the medium. The red dot is the Glauber collinear current
and contains both quark and gluon interaction with the medium.
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~q⊥ · (~q⊥ − ~k⊥)
[(~q⊥ − ~k⊥)2 +m2][(~q⊥)2 +m2]
δ2(~qTn − ~q⊥)




















Q−q− )− (~q⊥ + ~k⊥)2 −m2
×
[
8(~q⊥ + ~k⊥) · ~q⊥
q−









The rapidity divergence only appears again only in the first term in the square brackets









~q⊥ · (~q⊥ − ~k⊥)
[(~q⊥ − ~k⊥)2 +m2][(~q⊥)2 +m2]
δ2(~qTn − ~q⊥)
• Next we consider the diagrams purely from Lagrangian insertions namely diagrams (g),(h)
and (i), none of which have a rapidity divergence
• Finally we have the real diagram (j) which gives us
GRj = −g2νηNcδAB
∫










[(q + k)2 −m2]2


























δ2(~qTn − ~q⊥) (3.12)
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Figure 2: Virtual gluon diagrams for J ABn,R .
We therefore see that the real diagrams do not have any UV divergence but do contribute to





































D][(~q⊥ − ~k⊥)2 +m2D]
(3.13)
The natural scale is ν ∼ Q ∼ Qzc.
We also have virtual diagrams which are shown in Fig. 2 but these have already been com-
puted in [38], so we will take the result from there directly.
The virtual diagrams again do not have any UV divergences but only rapidity divergences.































The set of diagrams to be computed for this piece remains the same, the only difference is the
measurement function, hence we can immediately write down the rapidity divergent result




















































This is identical to the BFKL equation with a negative sign. The medium induced jet function
does not yield any UV anomalous dimension.
3.2 Medium Soft function
The medium soft function defined in Eq.2.10 is just the Wightman function in a thermal bath.
To compute the corrections upto NLO I will use the Realtime formalism of thermal field theory.
Operationally, this involves introducing two copies of every field in our action dubbing them as
type 1 and type 2 fields. The two types of fields only talk to each other via the kinetic term,
which allows type 1 to propagate into type 2 and vice versa. All the fields in an interaction term
have either a type 1 or type 2 field with opposite sign of the coupling for the interaction term with
type 2 fields. In my case, for simplicity I assume that the thermal bath is only sourcing quarks
so that I only double the quark fields. This is sufficient to derive the RG equations for the soft
function. Including the gluons sourced by the thermal medium will only change the boundary






















where nF (ω) = 1eβω+1 is the Fermi distribution function.



























Figure 3: The tree level medium structure function in a thermal bath is just the advanced




















































We now turn to the one loop corrections. We can look at the real and virtual graphs separately,
where by real graphs we mean those where the gluon propagator is of typeD12 orD21. We will only
compute the rapidity divergences to establish consistency of the Rapidity anomalous dimension.
The UV divergence of the soft function can be obtained by consistency.
3.2.1 Real Soft Diagrams
All the real graphs are shown in Fig. 4. We also include the mirror diagrams not shown explicitly
in this figure.
• Diagram (a) involves the soft Wilson line along with an insertion from the Soft Hamiltonian





















p is the quark momentum whole q is the gluon momentum. k is the Glauber momentum
exchanged with the jet. The overall minus sign comes from the Quark loop. In our case,
there is no n̄ sector for the medium interaction and hence the rapidity divergence only exists
in the limit q− → ∞ when the soft sector overlaps with the n collinear sector. Hence we
can simply use |q−|−η/2 as a rapidity regulator in place of the complete |q− − q+|η/2 which
simplifies our computation. If we only keep track of the pieces with rapidity divergence, we
– 15 –
Figure 4: "Real" gluon emission diagrams for the medium structure function. The black square
is the Soft Glauber vertex. The real diagrams are those where the gluon propagator is of type
D12 or D21, i.e, the non-thermal piece of the propagator is on-shell.

















































































(~p⊥ + ~k⊥ − ~q⊥)2
2p+(1 + z)
|) (3.20)
Due to the presence of the Fermi distribution function, it is not possible to do the integral
over z analytically. However, if we are only interested in the rapidity pole, we see that this












































































The rapidity divergence contribution is identical to case (a).
• Diagrams (c) and (d) reduce to 0.

















(p+ k)2[(q − k)2 −m2]
[8p+(p+ − q+)q⊥ · (q⊥ − k⊥)|q−|−η/2
q+
− 4p+(2q⊥ − k⊥) · (p⊥ + k⊥ − q⊥)− 4(p+ − q+)((p⊥ + k⊥) · (q⊥ − k⊥) + p⊥ · q⊥)
















q⊥ · (q⊥ − k⊥)
(q2⊥ +m
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• Diagram(f) gives the same contribution as diagram (e)




















Θ(p+ − q+)− sgn(p+ − q+)nF (|p0 + k0 − q0|)
)
(3.25)




















Θ(p+ − q+)− sgn(p+ − q+)nF (|p0 + k0 − q0|)
)
(3.26)
which is also rapidity finite.




















Θ(p+ − q+)− sgn(p+ − q+)nF (|p0 + k0 − q0|)
)
(3.27)

























p+−q+ − (~q⊥ − ~k⊥)2 −m2]2(
Θ(−p+)− sgn−p+nF (|p0|)
) (
Θ(p+ − q+)− sgn(p+ − q+)nF (|p0 + k0 − q0|)
)
{
− 8q+p+(q⊥ − k⊥) · (p⊥ + k⊥ − q⊥) + 8p+(p+ − q+)(q⊥ − k⊥) · (q⊥ − k⊥)


























































(~q⊥ − ~k⊥)2 +m2D
(3.29)






















































so that the result is now written in terms of the tree level soft function.
3.2.2 Virtual Soft diagrams
The virtual diagrams are the one where the gluon propagator is of type D11, D22. All the possible
diagrams in this category are shown in Fig. 5
As for the real diagrams, we concentrate on isolating the rapidity divergences in each diagram.













{ i(p+ − q+)
(p+ k − q)2
−(p+ − q+)δ((p+ k − q)2)nF (|p0 + k0 − q0)
}{
δ+((p+ k)2)− δ((p+ k)2)nF (|p0 + k0|)
}











1− nF (|p0 + k0|)
}
































Figure 5: "Virtual" gluon emission for medium structure function. The gluon propagator is of
type D11 or D22 meaning the non-thermal piece of the propagator is just the zero temperature
Feynman propagator.



















δ+((p+ k)2)− δ((p+ k)2)nF (|p0 + k0|)
}
(3.32)
Evaluating this tells us that the rapidity divergence is identical to that of diagram (a).
• Diagram (c) has the same trace structure as the corresponding real diagram and hence we



















(p+ − q+)( (~p⊥+~k⊥)
2







p+ )− (~q⊥ − ~k⊥)2 −m
2
D]
[8p+(p+ − q+)q⊥ · (q⊥ − k⊥)
q+
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−4p+(2q⊥ − k⊥) · (p⊥ + k⊥ − q⊥)− 4(p+ − q+)((p⊥ + k⊥) · (q⊥ − k⊥) + p⊥ · q⊥)
+ 4p+(2p⊥ + k⊥) · (p⊥ + k⊥ − q⊥)− 4p+(p+ k − q) · (2p+ k) + 4(p+ − q+)p · (p+ k)
]
(3.33)












1− nF (|p0 + k0|)
}






q⊥ · (q⊥ − k⊥)










• Diagrams (d) and (e) are simply wave-function renormalization for the quark and hence do
not have any rapidity divergence.
















[q2 −m2][(p+ k − q)2][(p− q)2]
4
[
(p+ − q+)2p · (p+ k)
+ (p+)2(p− q) · (p+ k − q)− p+(p+ − q+)[(p+ k) · (p+ k − q) + p · (p− q)]
]
which gives a UV divergence but does not lead to a rapidity divergence.
• We also have wavefunction renormalization for the Glauber gluon which is shown in fig (g),
(h) which will contribute to only the UV divergence.













1− nF (|p0 + k0|)
}






















Since we have neglected any contribution except the one with the rapidity pole, it is not
obvious what is the natural scale for ν. This will be, in general hard to answer by a direct
calculation due to the presence of the Fermi distributions function. However, we know that the
soft function does not know about the scale of the transverse momentum measurement ~qT , but
only depends on k⊥ and on T due to the presence of the density matrix. Hence, we conjecture
that the natural scale for the soft function will be ~k⊥ ∼ T . However, we have an additional scale
mD which is hierarchically separated from T and the tree level Soft function does provide support
for k⊥ all the way down to mD. Hence a more rigorous treatment requires a further factorization
of the scale T from the scale mD which can be done by matching the current EFT to an EFT
that lives at k⊥ ∼ mD. This is beyond the scope of the current paper, but will be taken up in the
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future. For now, for the purposes of numerical analysis, we will assume that the scale for the Soft
function is k⊥. For the phenomenologically interesting case of mD ∼ T , there is a single scaling
for the soft function but in that case, we expect the rapidity evolution to have a different form,
where we incorporate the exact form of the mass dependent gluon propagator instead of simply
using mD as an IR regulator.
3.2.3 Soft function anomalous dimension
We can now combine the results of the real and virtual diagrams( Eqs. 3.30 and 3.35) to write

















This is just the BFKL equation and the resulting rapidity anomalous dimension is equal and
opposite to the medium jet function so that we have a powerful check on the consistency of
soft-collinear factorization. From explicit calculation we already know that the jet function has
no UV divergence and hence we can infer the UV anomalous dimension of the Soft function by








where β0 = 11/3CA − CFnFTF , which has a value of 23/3 if we assume 5 active quark flavors.
4 Resummation
We can now solve the renormalization group equations in both µ, ν. The factorization of Hard-
Soft-Collinear modes has completely separated out the physics at the scale Q from the IR scales
qT , T and k⊥. The solutions of the RG equations allow us to resum large logarithms in Q/k⊥
thereby increasing the precision of the prediction. We run the jet function in ν and the Soft
function in µ as shown in Fig. 6.
The rapidity RGE is the same as the BFKL equation and we first turn towards solving this
equation.
4.1 Solving the BFKL equation
We follow the procedure outlined in [56]. We evolve the jet function using the BFKL equation
































Figure 6: Path in µ, ν space for Renormalization Group evolution of the medium structure
function S and the medium induced jet function J.
So KBFKL defines for us the matrix in q⊥ space which needs to be diagonalized. To do
that, we need to find the eigenvalues and eigenfunctions of this matrix. The BFKL kernel is
conformally invariant and its Eigenfunctions are f(~k⊥) = k
2γ−1
⊥ e
inφk with n being an integer and
































is the eigenvalue for the BFKL kernel which can be written as


















The result for the eigenvalue is valid for 0 < Re(γ) < 1.





























































For the jet function, ν0 ∼ Q ∼ Qzcut, so that our final solution looks like
















We also know that at νf = Q, the result reduces to the tree level result for the jet function
which in transverse momentum space looks like























which needs to be solved to fix Cn,γ(Q).
We can first multiply both sides by e−imφkk2α
∗−1
⊥ which is one element of the expansion basis and
integrate over
∫










To enforce orthogonality, we need to choose a single value for the real parts of α and γ which now























The second term here essentially regulates the singularity as k⊥ → 0. We can now write our result
for our RG evolved jet function as
































4.2 Running the soft function
We can run the soft function in µ using the beta function









5 The master equation
We can now go back and look at our factorized reduced density matrix and try to derive the
master equation for jet evolution. From Eq.2.2, we can write the trace over the reduced density
matrix for the jet upto quadratic order in the Glauber interaction as
Σ(t, ~qT ) = Σ
(0)(~qT ) + Σ
(1)(~qT ) (5.1)
where we have





SAB(k)J ABn,Med(Q, zc, ~qT ,~k⊥) (5.2)
Cqq = 8παs(Q) is the Hard function. We can use the RGE solutions described in the previous
section to evolve medium induced soft and jet functions in rapidity and virtuality so that









resum(Q, zc, ~p⊥, k⊥) (5.4)
where the resummed jet and soft functions are given in Eq. 4.16 and Eq. 4.17. Eq. 5.1 describes
the evolution of the density matrix over a time scale t. We can write the evolution equation in a












can be thought of as the inverse mean free path of the jet in the medium. While deriving this
form ,we have assumed that t, which represents the time of evolution of the jet in the medium
or equivalently the size of the medium L, is much greater than all the time scales of the jet,
including the formation time of the jet tF ∼ Q/q2T . If the medium is very dilute then the mean
free path(mfp) can be large compared to t in which case Eq.5.5 is a good enough approximation.
The second case is when the medium is dense enough so that the mfp is comparable to the
medium size then it becomes necessary to resum higher powers of t/λmfp. These higher order
corrections correspond to multiple interactions of the jet with the medium. We are still working
in a hierarchy when t ∼ λmfp >> tF so that these multiple interactions are incoherent and hence
Markovian in nature. We can therefore write a Lindblad equation by taking the limit t → 0,
where we assume that a single time step t − 0 = δt of the evolution is much smaller than the
medium size, at the same time being much greater than tF . We can first relate the density matrix
with the cross section that we wish to compute,





where N is a kinematical normalization factor. This leads to our master equation
∂tP (~qT )(t) = P (~qT )⊗qT KMed(~qT ) (5.7)







~b·~qT [V (~b, en)]e
(KMed(~b))t (5.8)
where V(b) is the Inverse Fourier Transform of the vacuum cross section.
The third case is when λmfp is much smaller than L but is comparable to the formation time
of the jet tF . In this case we can imagine higher order corrections of the form ttF /λ2mfp ∼ t/λmfp
which are now equally important and hence need to be accounted for. This correction is one in
which quantum coherence is maintained over successive interactions of the jet with the medium and
is well known in literature as the Landau-Pomeranchuk-Migdal(LPM) Effect. These corrections
are beyond the scope of the paper but will be considered in detail in an upcoming paper [46].
However, we can still give some arguments for the the factorization in this case. The important
point to note is that this effect is important for high energy radiation(since tF ∝ E) and hence
only affects the collinear jet function and not the soft function. Therefore, the factorization of
the soft physics from the collinear should still hold with the Soft function remaining unchanged.
This also means that the BFKL evolution which is a property of the soft function also holds and
by consistency of factorization, so does the RG evolution of the jet function. I conjecture that
the coherence effects will merely modify the natural rapidity scale for the jet function from its
current value of Q to a smaller value involving the formation time of the jet.
6 Numerical results for the medium kernel










resum(Q, zc, ~p⊥, k⊥) (6.1)
As pointed out in Eq.5.6, we can interpret this quantity(upto a factor of |Cqq|2) as the inverse
mean free path and look at the impact of resummation at specific values of p⊥, in this case we
look at p⊥ ∼ T .
The expression for the resumed Soft function (Eq.4.17) is straightforward to implement nu-
merically. However, the jet function (Eq.4.16) has a complicated solution which involves an infinite
sum. For a non zero value of p⊥, we can write the complete solution for the resummed jet function
(Eq.4.16) as























Following [56], can resort to a saddle point approximation in three regimes namely k⊥ << p⊥,
k⊥ ∼ p⊥ and k⊥ >> p⊥ and interpolate smoothly between the three approximations. We consider
each regime in turn ,
• p⊥ ∼ k⊥
We can do an approximation for the γ integral, using the saddle point approximation when





We can write the solution as











αp − 1 =
4αsNc
π




• k⊥ >> qTn
This is known as the double logarithmic approximation and we can also do a saddle point
















The contribution from this region should be the most suppressed compared to the other two
regimes.
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• k⊥ << qTn ∼ T















Since this is multiplied by the soft function that has a 1/k2⊥ singularity cut-off by the gluon
mass, this region will give the most contribution.
Once we have the approximation for the jet function in the three regimes, we can suitably
interpolate between the three.
We choose a fixed perturbative qTn ∼ T 15GeV with a value of αs = 0.15 at this scale and a
hard scale Q = 100GeV . The value of mD ∼ gT is of the same order as the temperature for this
choice of scales. This is different from the hierarchy that we have assumed where mD is much
smaller than the scale of the temperature for simplicity of analysis. A separation of these scales
can be achieved but only at very high temperatures which are beyond the reach of current colliders.
Hence, for the present purposes, we assume an unrealistic small value of mD = 3GeV which is
sufficiently separated from the scale of the temperature. The scale mD in our case therefore only
serves the purpose of an IR regulator.
A more realistic analysis for the case mD ∼ T would require us to keep track of all factors
of mD. This will not change the UV structure of the factorization but is likely to alter the
rapidity evolution equation from the current conformally invariant BFKL equation to a mass
dependent one. I will leave the derivation of this more phenomenologically relevant case as an
added complication to be incorporated in the theoretical framework.
We can now do a piecewise interpolation between our three saddle point approximations
to generate a single curve for our resummed jet function valid at all k⊥. Fig. 7 shows the
approximations in the three regimes for the jet function along with an interpolating curve.
In order to show the impact of the radiative corrections, I will give the ratio of the resummed
kernel to the tree level result. At tree level for a non-zero p⊥, the jet function has a simple form


































































Figure 7: Approximate solutions for the resummed jet function in three regimes of k⊥ using
saddle point approximations. The black dotted curve shows a piecewise interpolation between the
three approximations that we use to perform a numerical analysis.















If we look at D(k⊥), then this is exactly the same quantity as Ŵ(k⊥) which was evaluated in
[49]. From the numerical result we see that this quantity has a very mild dependence on k⊥ and
we can practically assume it to be a constant over the entire range of k⊥ . Since we are looking



















From this expression we see that there two separate corrections to the medium kernel and we
can explore the impact of each separately.
• Soft function running
We see that the correction from the running in µ is simply to replace the coupling at the
hard scale Q with that at the scale k⊥ which is sensible since the momentum transfer during
the interaction of the jet with the medium is just k⊥. k⊥ is free to range all the way down
to the scale mD, where the coupling gets stronger, at the same time this region is supported
by the singularity ∼ 1/(k2⊥ +m2D) which is cutoff at the scale mD so that effectively we get
an enhancement ∼ α2(mD)/α2(Q) ∼ 5 compared to the tree level result.
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• BFKL resummation
The solution to the BFKL equation resums the large rapidity logarithm lnQ/k⊥ along with
logarithms of q⊥/k⊥ as seen in the various approximations presented earlier in this section.
The singularity in the form of a factor 1/(k2⊥ + m
2
D) from the soft function gets cut-off at
the scale q⊥ when convolved with the tree level Jet function. However, when we include
radiative corrections, the BFKL resummed jet function supports this singularity all the way
down to the cut-off scale mD. We therefore have additional logarithmic enhancement due
to the presence of this singularity. We can judge the impact of this by temporarily ignoring
the effect of the Soft function running. The curve marked RBFKL in Fig. 8 presents this
enhancement over a small range of values of q⊥ about a central q⊥ ∼ T = 15 GeV.
The same figure also shows the complete enhancement for KMed due to both soft and Jet
resummation. This suggests that there is significant reduction in the mean free path due to
enhancement of the interaction with the medium induced by radiative corrections. In light of the
discussion in the previous section, this means that due to the radiative corrections, the medium
effectively appears dense which would enhance the importance of the LPM effect.
We also have UV finite mD dependent radiative corrections due to elastic collisions presented
in Section 2. These induce logarithms ∼ lnqT /mD ∼ ln1/g which are sub-leading corrections
compared to the large logarithm lnQ/k⊥ induced by BFKL evolution as well as running of the
soft function which is why we have not included them in the numerical analysis. Indeed, in the
phenomenologically relevant case of mD ∼ T , these corrections are quite small.
7 Summary and Outlook
In this paper I have worked out the renormalization for the medium structure function and the
medium jet function which appear in the factorization formula for jet substructure observables in
heavy ion collisions. This factorization formula was derived in [1] under the following assumptions
• The size of the medium or the time of propagation of the jet in the medium is larger than
the formation time of the jet.
• The medium is dilute or more precisely, the mean free path of the jet in the medium in
comparable to or larger than the size of the medium.
• The medium is homogeneous over the length scales probed by the jet.
• The medium temperature T is high enough for the gluon mass mD to be much smaller T.
The first three of these conditions then imply that the dominant radiative corrections are those
when the jet partons created in the hard interaction go on shell between successive interactions
with the medium. This formalism provides a separation of physics at different scales in terms of
matrix elements of manifestly gauge invariant operators. The physics of the medium is captured
by the observable independent medium structure function which is defined as a gauge invariant
correlator of soft currents in the background of the medium density matrix. In a sense, this
function can be thought of as the "Parton Distribution Function" of the QGP that describes
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Figure 8: Enhancement for the medium Kernel due to resummed radiative corrections as a
function of transverse momentum compared to the tree level result. The curve marked RBFKL
estimates the impact of BFKL resummation in conjunction with the forward scattering singularity.
The curve marked R also includes the running of the Soft function.
the probabililty of sourcing partons from and subsequently sinking them in the medium. The
observable dependent medium induced jet function describes the evolution of high energy partons
taking into account elastic collisions with the medium as well as medium induced radiation.
The radiative corrections for elastic collisions were worked out in [1] and given in section
2. These corrections are UV finite and do not lead to any renormalization for the medium soft
function and the medium induced jet function. In this paper, I detail the computation of the
other type of corrections at one loop, namely medium induced radiation. All the divergences in
the factorized functions are induced by the medium induced Bremsstrahlung in the form of UV
and rapidity anomalous dimensions. In particular, the universal soft medium structure function
has a rapidity anomalous dimension which leads to an Renormalization Group equation identical
to the BFKL equation. The UV anomalous dimension induces the running of the QCD coupling.
The medium jet function only has rapidity anomalous dimension which is equal and opposite the
soft function which is a powerful check on the consistency of factorization. I look at the numerical
impact of resummation on the mean free path of a high energy jet comparing it to the tree level
result and show that the radiative corrections give significant corrections due to a combination of
resummation and the forward scattering singularity which is cut-off by the medium induced gluon
mass. The contribution from the medium induced radiation dominates over that from elastic
collisions and effectively leads to a smaller mean free path for the jet in the medium.
This is the first consistent factorization formalism for jet substructure observables in heavy
ion collisions. This is still an idealized case as evidenced by the assumptions that have gone into
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this derivation but is an important step towards addressing a realistic scenario. In particular, we
would like to consider the following phenomenologically relevant cases of increasing complexity
1. The medium exists for a short time comparable to or shorter than the formation time of
the jet but the medium is dilute. This means that the mean free path is large compared
to the medium size and only a single interaction of the jet with the medium is relevant. In
this case the jet partons wont go on-shell before they interact with the medium. This would
mean a hard interaction that creates the jet and the forward scattering from the medium
can have interference diagrams. Since the formation time for Soft radiation is small, we
conjecture that the Soft function remains unchanged and only the jet function will get
modified. However, due to consistency of factorization the rapidity RG for the jet function
will also remain unchanged, albeit with a modified natural scale for the rapidity.
2. A more complicated case would be that the mean free path can be comparable to or smaller
than the formation time of the jet which in turn is comparable to the size of the medium.
This would mean that apart from hard-medium interaction interference, multiple interac-
tions of the jet with the medium are important and there is quantum inteference between
successive interactions(LPM effect). Again, this will only impact the jet function which by
RG consistency should still have a BFKL type evolution. This entails defining and comput-
ing jet functions at higher orders in the Glauber Hamiltonian and summing the series leading
to possibly an AMY ([14]) type formalism, albeit with a BFKL resummation implemented
at each order.
3. The Debye mass scale mD is comparable to the scale of the temperature. This is relatively
straightforward to address in that we need to keep the complete mD dependence which will
likely lead to a massive version of the BFKL equation.
Many of these interesting open questions will be addressed in an upcoming paper [46].
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